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CHAPTER ONE 

1.1 Real Numbers and the Real Line 

This section reviews real numbers, inequalities, intervals, and absolute values. 

Real Numbers: are numbers that can be expressed as decimals, such as 

 

The real numbers can be represented geometrically as points on a number line called the real line. 

 

THE ALGEBRAIC PROPERTIES  

The real numbers can be added, subtracted, multiplied, and divided (except by 0) to produce more 
real numbers under the usual rules of arithmetic. 

There are three special subsets of real numbers. 

1. The natural numbers, namely 1, 2, 3, 4 

2. The integers, namely      

 

3. The rational numbers, namely the numbers that can be expressed in the form of a fraction , 
where( m and  n) are integers and  n ≠ 0,  

Examples are: 
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INTERVALS 

 A subset of the real line is called an interval if it contains at least two numbers and contains 
all the real numbers lying between any two of its elements. For example, the set of all x> 6 
real numbers x such that is an interval. The set of all nonzero real numbers is not an interval; 
since 0 is absent, the set fails to contain every real number between -1and 1 (for example).  

 

 

EXAMPLE 1 : Solve the following inequalities and show their solution sets on the real line. 
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EXAMPLE  :  Illustrating the Triangle Inequality 

   

The distance from (x to 0) is less than the positive number a. This means that x   must lie between 
(–a  and a).  

 

Absolute value 
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EXAMPLE: Solving an Equation with Absolute Values the equation  | 2x -3| =7. 

 

 

EXAMPLE: Solving an Inequality Involving Absolute Values Solve the inequality. 

       



 

5 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE 

 

 

Solved Peroblems 

 



 

6 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE 

 

 
Solve the equations (Absolute Value)in Exercises 

 

Solution 
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Exercises with solution 

Solve the inequalities in Exercises 19–34, expressing the solution sets as intervals or unions of 
intervals. Also, show each solution set on the real line. 

 

Solution 

 

Solve the inequalities in Exercises 35–42. Express the solution sets as intervals or unions of 
intervals and show them on the real line. 
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Tutorials  

 proof of the triangle inequality Give the reason justifying each of the numbered steps in 
the following proof of the triangle inequality. 

 

  

  

  

======================================================================  
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CHAPTER 2 
1.3 Functions and Their Graphs 
 
 Functions are the major objects we deal with in calculus because they are key to describing 

the real world in mathematical terms.  
 This section reviews the ideas of functions, their graphs, and ways of representing them. 

 
 Functions; Domain and Range 
 The area of a circle depends on the radius of the circle.  

 The distance an object travels from an initial location along a straight line path depends on 
its speed. 

 In each case, the value of one variable quantity, which we might call y, depends on the 
value of another variable quantity, which we might call x. Since the value of y is completely 
determined by the value of x, we say that y is a function of x. 

 
 In this notation, the symbol ƒ represents the function. The letter x, called the independent 

variable, represents the input value of ƒ, and y, the dependent variable, represents the 
corresponding output value of ƒ at x. 

 
 

 
 

 The set D of all possible input values is called the domain of the function.  

 The set of all values of ƒ(x) as x varies throughout D is called the range of the function. 

 The range may not include every element in the set Y. 
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Graphs of Functions 
 If ƒ is a function with domain D, its graph consists of the points in the Cartesian plane 

whose coordinates are the input-output pairs for ƒ. 

 

 
Example: Use point plotting to sketch the graph of ( y = x2 )Discuss the limitations of this method. 

 
 
Example: Sketch the graph of( y = √x ) . 
Solution 
If (x<0), then (√x) is an imaginary number. Thus, we can only plot points for which (x ≥ 0), since 
points in the xy-plane have real coordinates. The graph obtained by point plotting. 

 
 
Example  Sketch the graph of (y2−2y − x =0). 
Solution 
In this case it is easier to express in terms of y, so we rewrite the equation as (x =y2−2y) Members 
of the solution set can be obtained from this equation by substituting arbitrary values for y in the 
right side and computing the associated values of x. 
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Example Sketch the graph of  y=1/x. 
Solution 
Because (1/x) is undefined at x=0, we can only plot points for which x ≠ 0. This forces a break, 
called a discontinuity, in the graph at (x = 0). 

               
 

Greatest integer function is a piece-wise defined function. 

 The function, or rule which produces the "greatest integer less than or equal to the number" 
operated upon, symbol [x] or sometimes [[x]].  

 The greatest integer function is a piece-wise defined function. 

 If the number is an integer, use that integer.  
 If the number is not an integer, use the next smaller integer. 

Examples:  
number  | the greatest integer less than or equal to the number 
   x  |   [x] 
   4  |   [4]      = 4 
   4.4  |   [4.4]   = 4 
   -2  |   [-2]    = -2 
   -2.3              |   [-2.3] = -3  
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Solved questions 
Find the domain and range of each function. 
 

 
Solution 

 

 
 
 Find the domain and graph the functions in Exercises 15–20 

 
 
 Solution 

We have first draw the function and then determine the domain  
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 Greatest integer function Piecewise-Defined Functions 
Graph the functions in Exercises 23–26 

 
Solution 

 
 
27. Find a formula for each function graphed 

 
Solution 
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 Solution 
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1.4 Identifying Functions; Mathematical Models 
 There are a number of important types of functions frequently encountered in calculus. We 

identify and briefly summarize them here. 
 
 Linear Functions: A function of the form  for constants( m and b), is called a linear 

function. Figure below shows an array of lines where  so these lines pass through the 
origin. Constant functions result when the slope m=0 . 

 
 
 
 
 
 
 
 
 
 
 
 Power Functions: A function (f(x) = xa)  where a is a constant, is called a power function. 

There are several important cases to consider. 
(a) a = n    ,,, a  positive integer  

The graphs of  (f(x) = xn)    for  n= 1, 2, 3, 4, 5, 
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 Polynomials: A function p is a polynomial if   

 
 
where (n) is a nonnegative integer and the numbers (a0,a1,a2, ,……an )  are real constants (called 
the coefficients of the polynomial). All polynomials have domain (- ∞, ∞) .  If the leading 
coefficient (an ≠ 0)  and (n > 0) then n is called the degree of the polynomial. Linear functions with 
(m ≠  0) are polynomials of degree 1. Polynomials of degree 2, usually written as   

     are called quadratic functions. Likewise, cubic functions are polynomials   

       of degree 3. Figure below  shows the graphs of three polynomials.  
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 Rational Functions: A rational function is a ratio of two polynomials: 

                         
where p and q are polynomials. The domain of a rational function is the set of all real x for 
which ( q(x) ≠ 0 )  For example,   

                                        
the function is a rational function with domain   Its graph is shown below 

 
 
 Algebraic Functions: An algebraic functionis a function constructed from polynomials 

using algebraic operations (addition, subtraction, multiplication, division, and taking roots). 
 Exponential Functions: Functions of the form (f(x) = ax) where(a>0) the base  is a positive 

constant (a ≠ 1) and  are called exponential functions. All exponential functions have 
domain   (-∞ , ∞)and range (0. ∞) So an exponential function never assumes the value 0. 
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Increasing Versus Decreasing Functions: 

 
Even Functions and Odd Functions: Symmetry 
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 The graph of an even function is symmetric about the y-axis. Since f(-x) = f(x)a point (x, 

y) lies on the graph if and only if the point ( x,y) lies on the graph (Figure a). A reflection 
across the y-axis leaves the graph unchanged. 
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 The graph of an odd function is symmetric about the origin. Since f(-x) = -f(x) a point (x, 

y) lies on the graph if and only if the point(-x, -y)  lies on the graph (Figure b). Equivalently, 
a graph is symmetric about the origin if a rotation of 180° about the origin leaves the graph 
unchanged. Notice that the definitions imply both x and must be in the domain of ƒ. 

 

 
 

FIGURE 1.47 
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 Solved question  

In Exercises 1–4, identify each function as a constant function, linear function, power 
function, polynomial (state its degree), rational function, algebraic function, trigonometric 
function, exponential function, or logarithmic function. Remember that some functions can 
fall into more than one category. 

 

 

 
 

 

 

 
 

 

 
 Solved questions  

Increasing and Decreasing Functions  
Graph the functions in Exercises 7–18. What symmetries, if any, do the graphs have? Specify the 
intervals over which the function is increasing and the intervals where it is decreasing. 

 

 
 

 

Dec is decrease 
Inc is increase 
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 Solved question 

Even and Odd Functions 
In Exercises 19–30, say whether the function is even, odd, or neither. Give reasons for your 
answer 
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1.5 Combining Functions; Shifting and Scaling Graphs 
In this section we look at the main ways functions are combined or transformed to form new 
functions. 
Sums, Differences, Products, and Quotients 
Like numbers, functions can be added, subtracted, multiplied, and divided (except where the 
denominator is zero) to produce new functions. If ƒ and g are functions, then for every x that 
belongs to the domains of both ƒ and g  (that is, for ), we define 
functions and ƒg by the formulas 
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 Composite Functions 
 Composition is another method for combining functions. 

 
 The definition says that (f0g) can be formed when the range of (g) lies in the domain of ƒ. 

To find ((f0g)(x))    first find g(x) and second find ƒ(g(x)).  
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 Shifting a Graph of a Function 
 To shift the graph of a function (y= f(x)) straight up, add a positive constant to the right 

hand side of the formula  (y= f(x)). 
 To shift the graph of a function (y= f(x))  straight down, add a negative constant to the right-

hand side of the formula (y= f(x)). 
 To shift the graph of  (y= f(x))  to the left, add a positive constant to x.  
 To shift the graph of (y= f(x))  to the right, add a negative constant to x. 

 

 

 
 Solved question 
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solution 
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solution 
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solution 
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 Exercises 19–28 tell how many units and in what directions the graphs of the given 
equations are to be shifted. Give an equation for the shifted graph. Then sketch the original 
and shifted graphs together, labeling each graph with its equation. 

 
solution 
 

 

 
solution 
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solution 
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Chapter Three 
Limits Using the Limit Laws 
This section presents theorems for calculating limits.  
The Limit Laws 

This theorem tells how to calculate limits of functions that are arithmetic combinations of 
functions whose limits we already know. 
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 Theorem 3 applies only if the denominator of the rational function is not zero at the limit 
point c. If the denominator is zero, canceling common factors in the numerator and 
denominator may reduce the fraction to one whose denominator is no longer zero at c. If this 
happens, we can find the limit by substitution in the simplified fraction. (Eliminating Zero 
Denominators Algebraically) 

 Identifying Common Factors It can be shown that if Q(x) is a polynomial and Q(c) =0,  then   is a 
factor of Q(x). Thus, if the numerator and denominator of a rational function of x are both zero at   

they have  as a common factor. 
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 Solved question 
 Find the limits in Exercises 1–18 

 
solution 

 

 
solution 
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 Find the limits in Exercises 19–36. 

 
solution 

 

 
solution 
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2.5 Infinite Limits  
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Vertical and Horizontal asymptotes 
 

 
Defintion  
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Solved question 
 Find the limits in Exercises 17–22 

 
Solution 

 

 
Solution 
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 Find the limits in Exercises 23–26. 

 
Solution 
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CHAPTER Four 

2.6 Continuity 

Any function  whose graph can be sketched over its domain in one continuous motion without 
lifting the pencil is an example of a continuous function. 
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Exercise 1. Find A which makes the function  continuous at x=1. 

 
We have  

 
 

 
and  

 
 
 
So f(x) is continuous at 1 iff  

 
 
 
Examples.  at x = 3 

  

fails to be continuous at x = 3 since 3 is not in the domain of f. 

Examples.  at x = 3 

  at x = 3  

The function  does satisfy condition 1 since 3 is in the domain of h, h(3) = 7, and does satisfy condition 2 since 

 

 

does exist.  However, since these two numbers are different, condition 3 is violated and h fails to be continuous at 
x = 3.  
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Continuous Functions 
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Solved question  

In Exercises 1–2, say whether the function graphed is continuous on [-1,3] If not, where does it fail 
to be continuous and why? 
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Solution 

 

At what points are the functions in Exercises 13–28 continuous? 

 

Solution 

 

 

Solution 

 

 

Find the limits in Exercises, and Are the functions continuous at the point being approached. 

 

Solution  

 



 

7 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE  

 

Solution 

 

 

Solution 

 

 

Solution 
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CHAPTER Five 

3.1 Derivative  

 

 

Is called the derivative with respect to x of  the function f. The domain of f consists of all x for 
which the limit exists. 

 

Calculating Derivatives from the Definition 
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Solved questions 

Finding Derivative Functions and Values 
Using the definition, calculate the derivatives of the functions in Exercises 1–6. Then find the 
values of the derivatives as specified. 

 

Solution 

 

 

Solution 

 

 

Solution 

 

 



 

3 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE 

In Exercises 7–12, find the indicated derivatives 

 

Solution 

 

 

 

3.2  Differentiation Rules 

Laws of derivatives: 
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Second and Higher Order Derivative 
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Solved questions  

In Exercises 1–12, find the first and second derivatives. 

 

Solution 

 



 

10 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE 

 

In Exercises 13–16, find (a) by applying the Product Rule and (b) by multiplying the factors to 
produce a sum of simpler terms to differentiate 

 

Solution 

 

 

Find the derivatives of the functions in Exercises 17–28. 

  

Solution  
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Solution  

 

 

3.5 The Chain Rule and Parametric Equations 

The Chain Rule is one of the most important and widely used rules of differentiation. This section describes the 
rule and how to use it. 
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The Chain Rule with Powers of a Function 

 

 

Solved questions  

 

Solution 



 

14 

 

Mathematics Materials                 Lecturer A.M.Alazzawe                                     FIRST CLASS 
SEMESTER ONE 

 

 

Solutions 

 

 

 

Solution 

 

 

Solution 
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Solution 
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Solution  

 

 

 

 

Solution 
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Solution 

 

Implicite Function Differentiation 
We can find the derivative of implicit functions in two steps: 
Step 1: Differentiate both sides of the equation with respect to x, treating y as a 
differentiable function of x 
Step 2: Solve for dy/dx 
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Derivatives of Higher Order 

Implicit differentiation can also be used to find higher derivatives. Here is an example. 
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EXAMPLE 5 Finding a Second Derivative Implicitly 

 

 

Solved question  

 

Solution 

 

 

 

 

Solution 
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Solution 

 

 

 

solution 
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Solution 

 

 

 

Solution 
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4.3 Increasing Functions and Decreasing Functions. 

In sketching the graph of a differentiable function it is useful to know where it increases (rises from left to right) 
and where it decreases (falls from left to right) over an interval. 
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4.4 Concavity and Curve Sketching 
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Second Derivative Test for Local Extreme 
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4.6 Application of Derivatives on Limits: 

L’Hôpital’s Rule 
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Derivative of Exponential and Logarithmic Function 
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CHAPTER Six 

1.6 Trigonometric Functions 

                

The define the trigonometric functions in terms of the coordinates of the point P(x, y) where the angle’s terminal 
ray intersects the circle (Figure 1.68). 
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The CAST rule (Figure 1.70) is useful for remembering when the basic trigonometric functions are positive or 
negative 

 

The CAST rule, remembered by the statement “All Students Take Calculus,” tells which trigonometric functions 
are positive in each quadrant 
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Graphs of trigonometric functions 
When we graph trigonometric functions in the coordinate plane, we denote the independent 
variable (radians) by x instead of θ. 

 

 

Even and odd trigonometric functions 
The graph in the above figures suggest that cos θ and sin θ are even functions because their graphs 
are symmetric about the y-axis. The other four basic trigonometric functions odd. 
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Inverse trigonometric functions and their graphs 

Inverse Trigonometric functions 

The inverse trigonometric functions are the inverse functions of the trigonometric functions, written , , 

, , , and . 

 

Sec-1=1/Cos = Cos,  

Csc-1=1/Sin = Sin,  

Cot-1=1/Tan = Tan 
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 Basic idea: To find sec-1 2, we ask "what angle has secant equal to 2?" The answer is 60°. As a result we 
say that sec-1 2 = 60°. In radians this is sec-1 2 = π/3. 

 More: There are actually many angles that have secant equal to 2. We are really asking "what is the 
simplest, most basic angle that has secant equal to 2?" As before, the answer is 60°. Thus sec-1 2 = 60° or 
sec-1 2 = π/3. 

 Details: What is sec-1 (–2)? Do we choose 120°, –120°, 240° , or some other angle? The answer is 120°. 
With inverse secant, we select the angle on the top half of the unit circle. Thus sec-1 (–2) = 120° or sec-1 (–
2) = 2π/3. 

Note: sec 90° is undefined, so 90° is not in the range of sec-1 

 

 

Can  use this formula 

     or    
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Solved question 

 

Solution 

 

 

 

Solution 
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Inverse trigonometric 

 

 

Solution 
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Chapter7 

Matrices and determinants 

Matrices 

Definition: An m×n matrix is a rectangular array of numbers (m rows and n columns) enclosed in brackets. The 

numbers are called the elements of the matrix. 
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We refer to the elements via double indices as follows 

(i) The first index represents the row.       (ii) The second index represents the column. 

(a32) is the element in row 3, column 2 of the matrix A. 

Use lowercase boldface (or underlined) letters for vectors 

a b c (or a, b, c) 

Use uppercase boldface (or underlined) letters for matrices 

A B C (or A, B , C ) 

Refer to the respective elements by lowercase letters with the 

appropriate number of indices e.g. 

bi    is a vector element 

aij  is a matrix element 

Matrix algebra 

 

Matrix addition 

 Two matrices can only be added if they have the same size. 
 The result is another matrix of the same size. 
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 We add matrices by adding their corresponding elements, i.e. 

                                                     A = B + C 

is obtained (element-wise) via 

aij = bij + cij                             for i = 1, ..., m; j = 1, ..., n 
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Multiplication 

When a matrix is multiplied by a number, called scalar multiplication, a single matrix 
results in which each element of the original matrix has been multiplied by the 
number. 
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EX. 

   

 Find 
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3x3     * 1x3    =3x1 

3 x 3 * 2 x 3 = 3x2 
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                                                                   Determinant of a matrix 
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That is the 3 × 3 determinant is defined in terms of determinants of 2 × 2 sub‐matrices of A. These are called the 

minors of A. 
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                                      THE INVERSE OR RECIPROCAL OF A 2 BY 2 MATRIX 
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THE INVERSE OR RECIPROCAL OF A 3 BY 3 MATRIX 
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